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Introduction 

In 1969 Kunz |29j proved a fundamental result, connecting the regularity of a 
local ring of positive characteristic with the flatness of its Frobenius endomorphism 
if. This was a first indication of the important role that tp would play in homological 
commutative algebra, especially in reflecting basic homological properties of the 
ring. 

Some results in Peskine and Szpiro's groundbreaking thesis, announced in |42) 
in 1969 and published with full proofs in |43| in 1973, carry this idea further. 
Peskine and Szpiro discovered that base change along ip preserves resolutions of 
modules of finite projective dimension and then applied this result as a main ingre- 
dient in their proof of the Intersection Theorem. Thus they introduced the use of 
the Frobenius map as a tool in solving homological problems in positive character- 
istic. This approach has been developed and used to prove some major theorems 
in homological commutative algebra in the last quarter century. 

Herzog in 1974, and others more recently, established various converses of Pe- 
skine and Szpiro's theorem. Such results extend another aspect of Kunz's theorem, 
namely the fact that the Frobenius endomorphism detects finite homological dimen- 
sions. As yet, the full extent of its power to do so is not completely understood. 
In this article we survey what is known about this property of the Frobenius endo- 
morphism and discuss some questions that remain. 

Another major theme of this survey is the behavior of numerical functions 
defined by the Frobenius endomorphism that are closely tied to its homological 
properties. The study of such functions, once again, originated in Kunz's Theorem. 

In this survey we give, whenever possible, proofs or motivations of the results 
we discuss, we record the most precise conclusions that can be drawn from the 
proofs, and we recast a few arguments into a shorter or more illuminating form by 
using more recent techniques, sometimes obtaining a new result. 
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The outline of this paper is as follows: We begin in Section^with a discussion 
of the theorem of Kunz mentioned above. Section is devoted generalizations of 
the equivalence of regularity with the homological conditions in Kunz's theorem 
to the setting of modules. Section [3] concerns what properties of the ring other 
than regularity are reflected by the homological properties of the Frobenius en- 
domorphism. In Section 0] we discuss generalizations of the equivalence with the 
numerical conditions in the theorem. 

Since the situation for complete intersection rings is special, and indeed much 
more is known than in general, it is treated separately in Section [SJ 

We consider asymptotic versions of the numerical conditions in Section [H] and 
finish with some questions in Section In an appendix we discuss in detail the 
properties of the two possible actions of R on the base change of an i?-module via 
the Frobenius endomorphism, and on its derived functors. While well-known to 
experts, this material may be useful to beginners. 

In a different direction, the homological properties of the Frobenius endomor- 
phism have been used in multiple ways in homological algebra, not only in proving 
important theorems, but also in spawning new constructions that have provided 
illumination for further steps. For example, Peskine and Szpiro, Hochster, and 
P. Roberts have applied these to solve central questions in Intersection Theory, cf. 
|12 | and |48| for further reading. The Frobenius endomorphism has also inspired 
notions useful in the study of singularities in geometry, such as -F-regularity and 
^-rationality, and has led to the concept of tight closure introduced by Hochster 
and Huncke, where many homological properties of the Frobenius endomorphism 
are used, cf. |24j for a systematic exposition. 

Conventions. Before beginning, we summarize some relevant conventions and 
terminology. Throughout this paper we let R denote a commutative Noetherian ring 
of dimension d and characteristic p > 0, unless otherwise indicated. In particular, 
a local ring is assumed to be Noetherian as well. When R is local, m will always 
denote its maximal ideal and k the residue field R/m. The embedding dimension 
of R, denoted edimi?, is the number dim^m/m 2 , and the codimension, denoted 
codimi?, is the number edimi? — dimi?. We use £r(— ), pd fl (— ) and fd^(— ) to 
denote length, projective dimension and flat dimension, respectively. 

The Frobenius endomorphism <p: R — > R is defined by ip(r) = r p for r G R. 
When necessary, we indicate the relevant ring R by a subscript, writing ifR instead 
of (p. Each iteration <p n defines on R a new structure of i?-module, denoted by v R, 
for which a ■ b = a p b. 

1. Regularity 

The ability of the Frobenius map to detect an essential property of the ring, 
namely a singularity, was discovered by Kunz in 1969 1 . Set trJ p "J = tp n (xn)R: this 
is the ideal generated by the p n -th powers of any set of generators of m. 

Kunz's Theorem (Kunz, [29 Thms. 2.1 and 3.3]). The following conditions 
are equivalent for a local ring R of characteristic p and dimension d. 
(a) R is regular; 

^Nagata's review 1411 of 1291 begins as follows: "Many characterizations of regularity of a 
local ring are known. The article gives one which is of a very different type from those known and 
which is good only for the case of prime characteristic p." 
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(b) ip is flat; 

(b') tp n is flat for some n > 0; 

(c) e(R/mW) =p d ; 

(</) £{R/m^) = p nd for some n > 0. 

Kunz's proof proceeds through some variants of the conditions above. We list 
these explicitly in order to make specific comparisons with later results. 

Kunz's Theorem (continued). The following conditions are equivalent to the 
conditions listed above. 

(b") (f n is flat for infinitely many n > 0; 
(b'") ip n is flat for all n>0; 
(c") £(R/m^ p ') = p nd for infinitely many n > 0; 
(c"') £(R/m^) = p nd for all n > 0; 

(d") £(R/m^ p 1) = p ne for infinitely many n > 0, where e = edimi?. 

Note that the equivalence of (a) and the various forms of (b) does not, in fact, 
require R to be local since regularity and flatness can each be checked locally (cf. 
36 l Thms. 7.1, 19.3]). The infinitely many values of n in condition (d") are indeed 
necessary. 

We give an indication of how the proof of the theorem goes; the details may 
be found in |29| . Used several times in the proof is the following case of Cohen's 
Structure Theorem. 

Cohen's Structure Theorem. If R is a complete local ring containing a 
field, there is a ring of formal power series Q = k[[t]] on indeterminates t = 
ti, . . . ,t e , e — edimi?, such that R = Q/I for some ideal I of Q. If R is regular, 
1 = 0. 

The Local Criterion for Flatness is used in Kunz's original proof. We state an 
extension that will be useful in later arguments as well (cf. ^ Prop. 2.57]). 

Local Criterion for Finite Flat Dimension. Let R — > S be a local ho- 
momorphism of local rings ( of any characteristic), and let N be a finitely generated 
S-module. If Toif (k,N) = 0, then tdN < i. 

Sketch of Proof of Kunz's Theorem. A first round of implications is 
summarized by the following diagram. 

(a) => (b) => (b'") => (b') (b") => (d") => (a) 

For the first implication, let l: R — > R be the canonical map to the m-adic 
completion R, which is isomorphic to a ring of formal power series fe[[t]]. The map 
<P£ can be factored as k[[t}) ^ fc p [[* p ]] ^ k[[t p }} ^ k[[t]], where ¥" = {x p \ x £ k}. 
Note that k[[t}] is free over fc[[t p ]], and the first map is flat by the local criterion 
of flatness: Tor/ (k p , k[[t p ]]) can be seen to be zero for i > by computing it 
from a Koszul resolution of k p over fc p [[t p ]]. So, ip^i = Lxpji is flat and then ip R is 
flat by the faithful flatness of t. 

Of the next three implications, the middle one is trivial and the others follow 
from the fact that compositions of flat maps are flat. To prove that (b") implies 
(d"), Kunz shows that if ip n is flat, then the set of p n -th powers of a set of minimal 
generators of m is independent in the sense of Lech |34j ; properties of independent 
sets established in 13 4 j give the desired implication. 
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Next, using the fact that lengths are preserved under completion and taking a 
presentation fc[[t]]/J for R from Cohen's Structure Theorem, Kunz observes that 
condition (d") implies that the lengths of k[[t]]/{I + (t p ")) and k[[t]]/(t p ") agree 
for infinitely many n > 0, which is only possible if I C C\ n (t p ) = and so R is 
regular. 

The remaining equivalences arc proved in the following order. 

(a) => (</") => (c) => (c') => (c") => (b') 

Since lengths are preserved under completion, the first implication again follows 
easily from Cohen's Structure Theorem. The next two are trivial. That (c') implies 
(c") is proved by showing that an inequality 

£(R/m [pn] ) > P nd 

holds for all R. For the last step, (c") implies (b'), first the inequality above implies 
that R is a domain, and then an application of Noether's Normalization Theorem 
and counting of ranks show that v R is free over R. □ 

Since the regularity of R is equivalent to the condition that the residue field k 
has finite projective (equivalently, flat) dimension, the equivalence of (a) and (b') 
relates the homological algebra of the modules k and We will see this theme 
repeated in other results, most notably in Sections |2j [3] and |5| 

The numerical function implicit in condition (c') bears similarities with the 
Hilbert-Samuel function £(R/m n ), which is a polynomial of degree d for n ^> 
with leading coefficient e(m,i?) defining the multiplicity of R. This has led to the 
developments described in Section 

2. Finite projective dimension 

The flatness condition in parts (b) of Kunz's Theorem can be recast in the form: 
Torf (M, P n R) — for all finite i?-modules and all i > 0. The equivalence of this 
condition with (a), the regularity of R, conjures up analogues with the homological 
behavior of the residue field k. Thinking along these lines has taken two different 
routes. 

On the one hand, for a module over any local ring R it is known that the finitc- 
ness of the projective dimension of M is equivalent to the vanishing of Torf (M, k) 
for one, or for infinitely many, values of i. Thus k always is a test module for finite 
projective dimension. In both parts of this section we focus on the extent to which 
v R has, or is known to have, similar properties. The case of complete intersection 
rings is treated separately in Section 15. II as it requires different machinery. 

On the other hand, restrictions on other homological invariants of the R- 
modulcs v R, such as various homological dimensions, or certain measures of the 
size of its resolution, are known to characterize, just as for k, properties of the ring 
other than regularity. This is the point of view taken in Section [3J 

2.1. Finite projective dimension and the Frobenius endomorphism. 

The homological manifestations of the Frobenius were further realized with the 
result of Peskine and Szpiro in 1969 that base change via the Frobenius leaves 
finite free resolutions acyclic. This was their main tool in proving the Intersection 
Theorem (g2| Thm. 1], 03 Thm. 2.1]). 
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Definition 2.1.1 (Peskine-Szpiro, @2],[42]). The Frobenius functor F, or Fr, 
from the category of i?-modules to itself is given by base change along the Frobenius 
endomorphism (p: R — > R: 

F(M) =M® R V R 

with the i?-module structure given through the righthand variable, that is, 

r ■ (m® s) — m® (sr) for all r S R, m £ M, s E R. 

Remark 2.1.2. If M is finitely generated, say by mi,rri2, ■ ■ ■ ,m r , then F{M) 
is finitely generated, by m\ ®r 1, to 2 ®r 1, . . . , m r ®r 1. For any prime ideal p in 
R, since (p~ 1 (p) = p, there are isomorphisms 

(F R (M)) P S M ® r % S M„-i (p) ®h v _ 1(p) % = M p ® flp % = F fl , p (M p ). 

It follows that if M is finitely generated, M and F{M) have the same support and 
thus the same dimension. 

Theorem 2.1.3 (Peskine-Szpiro, [H Cor - 2 ]» S3 Thm - L7 ])- Lei ^ be a 
Noetherian ring of characteristic p. If M is a finitely generated module of finite 
projective dimension, then one has 

Torf (M*R) = 

for all i > 0. Furthermore, for every prime ideal p in R 

pd Rp (F(M)) p =pd Rp M p . 

Proof. By localizing at a prime minimal in the union of the supports of 
Torf(M,^?) for i > 0, one may assume that for a minimal free resolution L, 
of M, F(L,) has finite length homology for i > 0. Exactness then follows from the 
Acyclicity Lemma ( |42l Lemma 1], |43l Lemma. 1.8]), developed for this purpose, 
which says that a finite free complex of length at most the depth of R and with 
finite length homology modules must be acyclic. The second assertion follows from 
the first in view of Remarks 12.1.21 and 12.1.51 □ 

It follows that if L, is a finite resolution of M by finitely generated projective 
modules, then F(L,) is a projective resolution of F(M). In the local case, this 
translates to the following explicit result by Remark 12 . 1 . 51 below . 

Theorem 2.1.4 (Peskine-Szpiro, 42, Cor. 3], 031 Thm. 1.13]). Let R be a 

Noetherian ring of characteristic p. If 

n T d ' t ds ~ 1 dl T 

u — y Lj s — y Li s -i y ■ ■ ■ — y Liq 

is a minimal exact complex of finitely generated free modules, then the complex 

► L s y L s _i y ■ ■ ■ > L 

is exact, where d\ p ^ is given by the matrix with entries equal to the p-th powers of 
the entries of the matrix for di for each i = 1, . . . , s. □ 

The last theorem can be iterated, yielding Torf"(M, v R) = for all i, n > if 
M has finite projective dimension. Iterations of the Frobenius endomorphism play 
an important role in what is to come, so we discuss them next. 
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Remark 2.1.5. Let F n , or Fg, denote n iterations of the Frobenius functor. 
The associativity of tensor products yields an isomorphism F n (M) = M <g>R v R. 
Furthermore, F n (R) = R, and if / : R s — > R f is a homomorphism of free R- modules 
given by a matrix [oy] in some bases, then in the same bases the homomorphism 
F n (f) : R s — > R l is given by the matrix [<p n ((iij)] — [a^ ]. Since F n is right exact, 
it follows that if I is an ideal of R, then F%(R/I) = R/I& n \ where the bracket power 
/[ p I of I denotes the ideal generated by the p n -th powers of any set of generators 
of I, that is, = ip n (I)R. 

Remark 2.1.6. It follows from Theorem 12. 1 .31 that if M has finite projective 
dimension then so does F(M). There are many examples to show that, even if 
F(M) has finite projective dimension, M need not. For instance, we may take M 
to be any finitely generated non-free module over an Artinian local ring R. If we 
choose n so that m p " = 0, then m[ p "l = and F n (M) is free. 

Remark 2.1.7. Let R be local. By Theorem 12.1.31 and the Auslander-Buchs- 
baum equality, whenever M has finite projective dimension, F n (M) and M have 
the same depth. This may fail otherwise, as shown by examples suggested by S. 
Iyengar and A. Singh. 

The depth may drop: Let R = k[[x,y]]/(xy) where k is a field of character- 
istic p, and let M — R/I where I = (x). Here M has depth one, but F(M) = 
k[[x, y]]/(xy, x p ) has depth zero. The depth may also rise: Let R = k[[x, y]]/(x 2 ) 
and M = R/I where / = (xy). Here M has depth zero, but F(M) S k[[x, y]]/(x 2 ) 
has depth one. 

Combining the ideas in these examples, one may produce an example where the 
depth behavior is not monotone: Let R — k[[x, y, z, w)]/(xy, z p+1 ) and M = R/I 
where / = (x, zw). Here depthM = 1, depth F(M) = 0, and depths 2 (M) = 1. 

We now discuss a converse of Theorem 12 . 1 .31 that provides a criterion for finite 
projective dimension using the Frobenius, and was the beginning of the realization 
that the n-th Frobenius module v R may be a test module for finite projective 
dimension. We leave out the proof, as a more precise version by Koh and Lee is 
proved in Section [2~2*1 

Theorem 2.1.8 (Herzog, (22) Thm. 3.1]). Let R be a Noetherian ring of char- 
acteristic p, and let M be a finitely generated module. J/Torf (M, v R) = for all 
i > and infinitely many n, then M has finite projective dimension. □ 

To emphasize the analogy with Kunz's Theorem, we summarize these results. 

COROLLARY 2.1.9 (Peskine-Szpiro, Herzog). For a finitely generated R-module 
M over a Noetherian ring of characteristic p the following conditions are equivalent. 

(a) M has finite projective dimension; 
(b") Torf (M, V "R) = for all i > and infinitely many n; 
(b'") Torf (M, v "i?) = for all i,n>0. □ 

This corollary generalizes the equivalence of condition (a) with the different 
versions of condition (b) in Kunz's Theorem. Indeed, by the Auslander-Buchsbaum- 
Serre Theorem, condition (a) in Corollary 12. 1 .91 holds for all finitely generated R- 
modulcs M if and only if the ring R is regular. Similarly, condition (b") (resp., 
(b"')) in Corollary 12 . 1 . 91 holds for all finitely generated R- modules M if and only 
if v R is flat over R for infinitely many n (resp., for all n). As discussed in Proof 



FROBENIUS ENDOMORPHISM 



7 



of Kunz's Theorem, the other implications between its various conditions (b) are 
trivial because compositions of flat maps are flat. 

The reader may have noticed that Corollary 12. f .91 leaves open the question 
of whether the condition on the vanishing of Torf (M, v R) for a single n can be 
included, corresponding to condition (b') in Kunz's Theorem. More specifically, one 
may ask: For how many values of i and n does one need Torf (M, to vanish to 
ensure that M has finite projective dimension? Recently there has been progress 
on this question; we describe it in Sections 12.21 and 15.11 

2.2. Finitistic criteria for finite projective dimension. To discuss a first 
criterion, we introduce some invariants defined by Koh and Lee in 1998, |27j . Their 
ideas grew out of techniques used by Burch in (13) and Hochster in (23) , and present 
implicitly in Herzog's proof of Theorem 12 . 1 . 81 above . 

In this section R is local and M and A denote finitely generated i?-modules. 

We will give the most precise statements that can be made from the proofs in 
|27| . Koh and Lee also develop a dual set of definitions and results using injective 
resolutions; we do not list them here, but mention them briefly at the end of this 
subsection. 

Alongside the definitions given by Koh and Lee, we introduce bracket power 
versions of their invariants in characteristic p by replacing the regular powers m* 
of m with its bracket powers mi p "l. Except where indicated, their results hold in 
any characteristic; for statements involving bracket powers, it is implicitly assumed 
that R has characteristic p. 

Definition 2.2.1 (27 1). For a homomorphism d: R n — > R m , set 

col(<9) = inf{t > 1 | 7r o d (R n ) tn* for each epimorphism n : R m — > R}; 
co\ p (d) = inf{p™ > 1 | tt o d(R n ) m^"' for each epimorphism tt : R m — > R}. 

Thus, col(9) is the least t such that, for any 2 m x n matrix [a,j] representing d 
with respect to some bases of R n and R m , each row 3 of [a^] contains an element 
outside m*; the analogous statement holds for col p (<9) using bracket powers of m. 

For an i?-module M, let df 1 denote the i-ih map in a minimal free resolution 
of M, and set 



An invariant col p (M) is defined similarly. 

Definition 2.2.2 (ED)- For an i?-module A, let Soc(A) = (0 : m)jv denote 
the socle of A and set 



An invariant s p (M) is defined similarly. 



! In 1271 it is not made explicit whether "some" or "any" was intended; it was the latter. 
'Koh and Lee 1271 multiply matrices on the right, so our rows are their columns. 




inf {001(9^) | i > 1 + depth R} if pd M = oo; 
1 if pd M < oo. 



s(A) 



inf{t > | Soc(A) £ m'A}. 
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Definition 2.2.3 (|22j, [2H]). For every local ring (R,m), set 4 
col(.R) = sup{col(M) | M is an R- module}; 

fpd(-R) = inf{s(A) | A is an i?-module with pd A < oo and depth A = 0}; 
crs(i?) = ini{s(R/(x)) maximal R-sequence }. 

Define col p (i?), fpd p (i?), and crs p (i?) similarly, by using col p (M) and s p (N) in place 
of col(M) and s(A), respectively. 

To relate these invariants, we need the next remarkably powerful result that 
has a very simple proof. 

Proposition 2.2.4 (Koh-Lee, [23 Prop. 1.2]). If N is an R-module of depth 
such that Tor^(A/, N) = for some i with < i < pd M , then each row of dH_i 
contains an element outside ofm s ^ N ^ (resp., an element outside of m^- Sp ^ N ^ ). 

Proof. Let (L,,c>») be a minimal free resolution of M. By hypothesis, ten- 
soring L, with N gives a complex that is exact in the i-th spot. If the entire j-th 
row of dM_i were contained in m s ^ N \ then the j'-th component of every element in 
Im(<9i+i ®r N) = Ker(i9i (x)r N) would be in m B ^ N ^N. But since L, is minimal, 
Li® rSoc TV C Ker(di®nN) and so one would have SociV C m s ( N \ a contradiction. 
An analogous proof works for the statement involving bracket powers. □ 

Applying Proposition 12 . 2 .41 to the modules N used in the definitions of fpd(i?) 
and fpd p (i?) gives the following corollary; indeed, choose N with pdiV < oo and 
depthA = so that s(A) = fpd(-R) (or s p (A) = fpd p (i?)). Since pd A < depth R, 
if z — 1 > depth R, then Torf"(M, N) — 0, and we are done by the proposition. 

Corollary 2.2.5 (Koh-Lee, |27l Thm. 1.7]). If M has infinite projective di- 
mension, then for all i > 1 + depth R each row of df 1 contains an element outside 
j m fpd(-R) ( reS p mj an element outside of m fpd p' i? - ) / ). □ 

This immediately yields a comparison between the invariants in Definition ^. 2. 31 
COROLLARY 2.2.6 (Koh-Lee, |271 Prop. 1.5]). There are inequalities 
col(E) < tpd(R) < cts(R) < oo; 
col p (i?) < fpdp(i?) < crs p (i?) < oo. □ 

In fact, when the residue field k of R is infinite, the numbers in the first row are 
conjectured to be equal ( 2S|), but this can fail if k is finite ( |28l Ex. 4.8]). These 
numbers are always equal if R has depth zero, ( |28l Prop. 1.7]). 

We give examples to show that in general crs(i?) and crs p (i?) are incomparable, 
and so neither statement in Proposition ^ . 2 ,4l or in Corollarv l2 . 2 . 5l implies the other. 

Example 2.2.7. Consider the ring R = k[x,y]/(x 2 ,y 2 ), where A: is a field. 
Note that R is zero-dimensional with Soc(i?) = (xy). If k has characteristic 2, then 
Soci? C m 2 and Soci? ^ m 3 , but Soci? ^ m™. So, we see that crs(i?) = 3 and 
crs p (i?) = 2. However, if k has characteristic 5, then R satisfies crs(i?) = 3 and 
crs p (i?) = 5. 



The intended association is "column" for col, see the preceding footnote, "finite projective 
dimension" for fpd, and "cyclic by a regular sequence" for crs. 
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We now state Koh and Lee's result, which is a significant strengthening of 
Theorem 12. 1.81 as it gives a finitistic criterion for finite projective dimension. Koh 
and Lee state it with the condition p n > col p (i?), but this number is not usually 
available. The strength of the theorem lies in the fact that, due to the inequal- 
ity in Corollary 12.2.61 it can be applied by ensuring that p n > crs p (i?), or that 
Soc{R/{x)) £ m^/(x) for some i?-sequence x. Excepting this remark, the fol- 
lowing statement is the most precise conclusion that one obtains from their proof; 
it corrects misprints in 27 and It is clear that the bracket invariant yields a 
stronger (or equal) result, so we give only this statement. 

Theorem 2.2.8 (Koh- Lee, |271 Prop. 2.6]). Suppose that R is a local ring of 
characteristic p, and let n be an integer such that p n > crs p (R). Let M be a finitely 
generated R-module. If Torf"(Af, v R) = for depth R + 1 consecutive values of 
i > 0, then M has finite projective dimension. 

Proof. Let (L,,d,) be a minimal free resolution of M, and let r denote the 
depth of R. If Torf (M, V ™R) = 0for^+l<i<£ + r + l, then tensoring L. with 
v R and truncating gives a minimal acyclic complex 

F"(9, +r+2 ) F n {d l+1 ) 
Ll+r+2 > J^e+r+1 > ' ■ ' > > L( — > u 

of length r+2 whose maps have entries in m[ p ' c m crSp ' fl - ) . Because of the inequality 
in Corollarv l2.2.6l this contradicts the definition of col p (i?) unless Li +r+ i — 0. □ 

For rings of depth zero and n > log p (crs p (i?)), this already gives the strongest 
possible version of Herzog's result. 

Corollary 2.2.9. Let n be such that Soc(i?) $£ m^l If Torf (M, f n R) = 
for some i > 0, then M has finite projective dimension. □ 

In particular, for ring s R with Soc(i?) £ m [pl , such as the rings in Remark 
12.2.71 there is no restriction on n. 

Remark 2.2.10. When R is Artinian, the proof of Theorem 12.2.81 trivializes: 
Its hypothesis becomes mi p 1 = 0; hence in the complex L. ®i? v R all boundary 
maps are zero, and exactness in the i-th spot means Li = 0. 

Now suppose that R is Cohen-Macaulay. Using modules of finite injective 
dimension, Koh and Lee develop a set of definitions and results in |27] dual to 
those above. The dual theory can give a slightly stronger result than the one in 
Theorem l2.2.8l We sketch their proof, modifying it for bracket powers. Again, we 
give the effective version involving the bracket version of the invariant drs(i?). It 
can be defined as the "bracket Loewy length" of R, namely, 

drs p (i?) = inf{p" > 1 | m^" 1 C (jc), for some maximal i?-sequence x}. 

From this definition it is clear that crs p (i?) < drs p (i?), and it can be shown that 
equality holds if R is Gorenstein (by an argument like that for |28l Prop. 4.1]). 

Theorem 2.2.11 (Koh-Lee, |27| Prop. 2.6]). Suppose thatR is Cohen-Macaulay 
and has positive dimension, and let n be such thatp n > dvs p (R). If Tor^(M, v R) = 
for depth R consecutive values of i > 0, then M has finite projective dimension. 
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Proof. As in the proof of Theorem 12. 2. 81 one obtains a minimal acyclic com- 
plex 

n T F n (d l+r+1 ) F n (d l+1 ) 

(_r — y LiJ rT J r \ y ■ ■ ■ y Lt+\ > l^t > U 

but with Lt+r+i replaced by another free R- module G to retain exactness at Le+ r +i- 
Let C be the cokernel of F n (dg + i). 

Choose a maximal i?-sequence x so that m[ p "l C (x) as in the definition of 
drSp(i?). The finitely generated i?-module T = Hoisir(R/(x),E), where E is the 
injcctive hull of k over R, has depth zero and finite injective dimension. Since 
Soc(T) is one-dimensional, the condition Soc(T) (jt. 'T holds if and only if 
m b"lT = o. Thus p n > s(T). 

Since Ext^ +1 (C, T) = 0, applying Hom(— , T) to the complex above leaves it 
exact at Li +r+ \. Next, an argument exactly as in the proof of Proposition 12. 2. H 
yields that the map to the left of Hom(L£ +r+1 , T) has some entries not in m' p l 
Since the arrows have been reversed, that map is actually the T-dual of F n (de+ r +i), 
and we arrive at a contradiction. □ 

COROLLARY 2.2.12. Suppose that R is a one- dimensional Cohen- Macaulay 
ring, and let n be such that p n > drs p (-R). If Torf (M, V ™R) = for some i > 0, 
then M has finite projective dimension. □ 

The dual theory also yields a result for injective dimension analogous to the 
one given in Theorem 12.2.81 namely that fmitencss of the injective dimension of a 
module M can be detected from the vanishing of Ext^( v R, M) for depth R + 1 
consecutive values of i > and some n > crs p (i?). It is interesting to compare 
this to an earlier theorem of Goto: if, for some n > 0, Homfl(^"i?, R) = v R and 
Ext^C^i?, R) = for 1 < i < depth R, then R is Gorenstein [T9] , 



3. Homological dimensions 

In the previous section, we saw how the Frobenius endomorphism behaves with 
respect to modules of finite projective dimension and how it can be used to detect 
finite projective dimension. Since regularity of a ring is equivalent to the finiteness 
of its global dimension, these results yield that regularity is equivalent to finite flat 
dimension of all iterations of the Frobenius endomorphism. The stronger version 
involving only one iteration is discussed in this section. 

Recently, the question of what other properties of a ring of characteristic p can 
be detected by the finiteness of certain homological dimensions of the Frobenius 
endomorphism has been considered. In the first subsection we survey results for the 
homological dimensions: flat dimension, injective dimension, Cl-dimension, and G- 
dimension; in the second we discuss a related asymptotic homological condition. We 
omit most proofs in this section, but point the reader to the appropriate references. 

3.1. Detection of properties of the ring from the structure of the 
Frobenius endomorphism. We begin with the property of regularity: In 1988 
Rodicio used Andre-Quillen homology in an essential way to strengthen a crucial 
implication, (b) ==> (a), in Kunz's Theorem. Although not stated explicitly in 
|22j . it follows also from the earlier result of Herzog, namely Theorem 12.1.81 above . 
Koh and Lee have shown that it follows easily from their results as well, discussed 
in Section l2~2l this is the proof that we give here. 
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Theorem 3.1.1 (Rodicio, (501 Thm. 2]). Let R be a local ring of characteristic 
p. //fdjj( (/ ' R) < oo for some n > 0, then R is regular. 

Proof ( \27l Prop. 2.6]). If ip n has finite flat dimension, then so do its self- 
compositions ip , as can be shown using the Cartan-Eilenberg spectral sequence. 
Take t such that p nt > cis p (R). Since Torf (k, ^R) = for all i > idR^R), 
Theorem 12.2.81 implies that k has finite projective dimension, so R is regular. □ 

By the Local Criterion of Finite Flat Dimension, cf. ^ Theorem 13 . 1 . II can be 
restated as a nonvanishing statement for non-regular rings. 

Corollary 3.1.2. //Torf (fc, V ™R) = for some i > and some n > 0, then 
R is regular. □ 

It turns out that regularity is also detected by the injective dimension of the 
Frobenius endomorphism. 

Theorem 3.1.3 (Avramov-Iyengar-Miller, 8; ). Let R be a local ring of char- 
acteristic p. The ring R is regular if and only i/id^( v R) < oo for some n > 0. 

While flat or injective dimension are defined directly, other properties of ho- 
momorphisms, such as Gorenstein and the Cohen-Macaulay properties, as well as 
the corresponding homological dimensions, are defined via a Cohen factorization. 
This enables one to consider a finite (in fact, surjective) homomorphism and use 
the definition for finite modules. 

Definition 3.1.4 (Avramov-Foxby-Herzog, [6]). Let a : (A,m) — > (B,n) be a 
local homomorphism of local rings; let i : B — ► B be the canonical inclusion of B 

into its completion. A Cohen factorization of ua is a factorization A A' —> B 
such that the map a is flat, the ring A' is complete, the ring A' /xnA' is regular, and 
the map a 1 is surjective. A Cohen factorization always exists, but is not necessarily 
unique, although any such factorization can be reduced to a minimal one, for which 
edim^l' /mA' = edimB/mB holds. 

The results below use homological dimensions whose global finiteness charac- 
terizes certain properties of the ring. The terminology derives from the fact that 
a ring A is complete intersection (respectively, Gorenstein, Cohen-Macaulay) if 
and only if the Cl-dimension (respectively, G-dimcnsion, CM-dimcnsion) of every 
finitely generated A-module is finite. 

Definition 3.1.5 (Avramov-Gasharov-Peeva, [7])- A finite ^4-module M is 
said to have finite Cl-dimension if there is a local flat homomorphism A — > A' and 
a surjective homomorphism A' <— Q with kernel generated by a regular sequence 
such that pdg(M <8>a A') < oo. 

Blanco and Majadas proved that the Frobenius endomorphism can be used to 
detect the complete intersection property (cf. §5 for the definition ). 

Theorem 3.1.6 (Blanco-Majadas, [TJ Prop. 1]). Let R be a local ring of 
characteristic p. The ring R is complete intersection if and only if for some n > 
and for some (equivalently, for any) Cohen factorization R — > R' — > R of \p n , the 
module R has finite Cl-dimension over R' . 

The proof uses techniques similar to those of Rodicio's proof of Theorem l3.1.1l 



12 



C. MILLER 



Definition 3.1.7 (Auslander-Bridger, [2]). A finite A-module M is said to 
have finite G- dimension if it has a finite resolution by finite modules G n such that 
each G n reflexive and satisfies Extf (G n , R) = Extf (G* , R) = for all i > 0. 

Iyengar and Sather-Wagstaff have shown that Frobenius endomorphism can be 
used to detect the Gorenstein property as well. A proof was given independently 
by Takahashi and Yoshino [53] in the case that cp is finite. 

Theorem 3.1.8 (Iyengar-Sather-Wagstaff, [26]). Let R be a local ring of char- 
acteristic p. The ring R is Gorenstein if and only if for some n > and for some 
(equivalently, for any) Cohen factorization R — > R' — > R of ip n , the module R has 
finite G-dimension over R' . 

Gerko has introduced a notion of CM-dimension, which combines features of 
both definitions above, as follows: 

Definition 3.1.9 (Gerko, [H]). A finite A-module M is said to have finite 
CM-dimension if there is a local flat homomorphism A — > A' and a surjective 
homomorphism A' <— Q such that both A' and M ®a A 1 have finite G-dimension 
over Q, and Extg(A', Q) = for i < gradeg(A')- 

The finiteness of CM dimension of all finite modules global characterizes the 
Cohen-Macaulayness of a ring. When the Frobenius module is finite, Takahashi 
and Yoshino have proved that the finiteness of its CM-dimension suffices. 

Theorem 3.1.10 (Takahashi- Yoshino, |53| ). Let R be a local ring of charac- 
teristic p and suppose that k is perfect. The ring R is Cohen- Macaulay if and only 
if for n>0 the R-module v R has finite CM-dimension. 

3.2. Detection of properties of the ring from asymptotic data on the 
Frobenius endomorphism. When R is not regular, so that Torf(fc, v R) ^ for 
all z > by Corollary 13. 1.21 we examine the asymptotic behavior of the numerical 
function 



where lengths over tp n are defined as in Appendix I A. 21 

The complexity measures the degree of the least polynomial bound of this 
function; it is defined as follows, cf. Appendix FBI 

Definition 3.2.1. For a local ring R, the complexity of R over <p n , denoted 
cx^ni?, is the least non-negative integer t with the property that 



for some G K and all i 0; if no such t exists, then cx^ni? = oo. 

The curvature measures the exponential rate of growth of the numerical func- 
tion above; it is defined as follows, cf. Appendix IBl 

Definition 3.2.2. For a local ring R, the curvature of R over ip n is defined as 



The main result of |5] is that this function has maximal growth (cf. the in- 
equalities JSJ in Appendix lB|l : 



V(Torf(fc,^R)) </3i 
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Theorem 3.2.3 (Avramov-Iyengar-Miller, Let R be a local ring of char- 
acteristic p. For any n > 0, there are equalities 

cx^ni? = cx^ k and curv^ni? = curvfj k. 

In particular, this yields a characterization of the complete intersection prop- 
erty in terms of a purely numerical condition, which is weaker than the structural 
condition given in Theorem l3.1.(jl See JBJ for details on how these two results are re- 
lated, the main link being that the complexity and curvature can also be computed 
via a Cohen factorization of ip n . 

Theorem 3.2.4 (Avramov-Iyengar-Miller, 8 ). Let R be a local ring of char- 
acteristic p. The following conditions are equivalent. 
(a) R is complete intersection. 
(b') cx v ni? < oo for some n > 0. 
(b") cx^ni? = codimi? for all n > 0. 
(e') curv^ni? < 1 for some n > 0. 
(e") curv^ni? < 1 for all n > 0. 

Theorem 13 . 2 .41 follows directly from Theorem 13 . 2 . 31 in view of an analogous set 
of characterizations of complete intersection rings in terms of the complexity and 
curvature of the residue field. 

Since R is regular if and only if R is complete intersection of codimension zero, 
Theorem 13.2.41 extends that part Kunz's Theorem from Section^ which states that 
the regularity of a local ring R is equivalent to the flatness of <p n for any n > 0, 
and also Rodicio's Theorem 13. 1.11 

Remark 3.2.5. The results in Section [3] again reflect the strong similarities 
of the module v R and the residue field k in their roles as test modules for cer- 
tain homological properties of the ring R. Each of Theorems 13.1.11 13.1.61 13.1.81 
13 . 1 . 1 01 and 13 . 2 . 41 are standard results for the module k in place of the module v R: 
the finiteness of the flat dimension, Cl-dimension, G-dimension, CM-dimcnsion, 
or complexity, respectively, of k implies that R is regular, complete intersection, 
Gorenstein, Cohen-Macaulay, or complete intersection, respectively. 

4. A numerical condition 

In this section we consider generalizations of Kunz's equivalence of the regu- 
larity of a local ring R with the numerical condition: 

(c'") £(R/m [p " ] ) = p nd for all n > 0. 

since R/ m \p n ] ^ F n (k), this condition can be expressed in terms of Frobenius 
functors in the form £(F n (k)) = t{k)p nd . 

In this section, M denotes a module of finite length; as explained in the Ap- 
pendix, the length of F n (M) is then finite for all n > 0. 

Remark 4.1. When R is regular the Frobenius functors are exact, so an easy 
induction on the length of M shows that (c'") is equivalent to the following seem- 
ingly stronger property: £(F n (M)) = £(M)p nd for all i?-modules M of finite length 
and all n > 0. 

In 1974, Peskine and Szpiro gave the first result generalizing Kunz's numerical 
characterization of regularity. 
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Theorem 4.2 (Peskine-Szpiro, [SI Thm. 2], [SU §3]). Let R = 4>o R4 be 
a graded Noetherian ring generated by R\ such that R is Artinian, and let M 
be a graded R-module of finite length. If M has finite projective dimension, then 
£{F n {M)) = £(M)p nd for all n>0. 

Based on this result, Szpiro I52| conjectured that the equality above holds for 
all modules of finite length over a local ring (and predicted a version of the Chern 
theory discussed in Section RT2"|) . In 1985, Dutta showed this is indeed the case for 
several classes of rings, namely, complete intersection rings, cf. Theorem 15.2. II (ii). 
and rings of small dimension. 

Theorem 4.3 (Dutta, O 1.14]). Let R be a Cohen- Macaulay local ring of 
dimension at most two or a Gorenstein local ring of dimension three, and let 
M be an R-module of finite length. If M has finite projective dimension, then 
£{F n {M)) = £{M)p nd for all n>0. 

For Cohen-Macaulay rings of dimension at most two the result is deduced from 
the fact that the Vanishing Conjecture holds over such rings (cf. [141 1.13]). Another 
proof was provided by the development of the theory of local Chern characters, cf. 
Section lfT751 for more details. 

In the case of complete intersection rings much more is known. This is the 
topic of Section IS~2l In fact, we will see that over complete intersection rings the 
strongest possible generalization of Kunz's numerical criterion holds, namely that 
given by Theorems 15.2.11 and 15 . 2 . 2l However, in general it fails completely. 

Example 4.4. The first example with 

£(F n (M j) ^ £{M)p nd 

for a module of finite projective dimension was given by P. Roberts in 1989, [471 §4]. 
He used a pair of modules {M', N'), constructed by Dutta, Hochster and McLaugh- 
lin |16| with a negative Serre intersection multiplicity over a three-dimensional 
hypersurface R' such that i?'-module M 1 has finite length and finite projective di- 
mension. First, Roberts constructed a finite extension ring R of R 1 carefully chosen 
to exploit the pathological behavior of the modules (in particular, the class of R 
is equal to the class of N' in the reduced Grothendieck group of R'). After a 
base change of M' to R, which is a three-dimensional Cohen-Macaulay local ring, 
Roberts obtained an i?-module M of finite length and finite projective dimension 
with the property above. 

In 2000, A. Singh and the author |39| used similar techniques to obtain such 
a module over a five-dimensional Gorenstein local ring. This shows that Theorem 
14.31 does not extend to all Gorenstein local rings. 

In fact, in each example above, the module M satisfies an inequality 

£{F n (M j) < £(M)p nd 

for all n 3> 0, in contrast to modules of finite length over a complete intersection 
ring, which all satisfy the inequality £{F n {M)) > £{M)p nd , cf. Theorem l5~Q (i). 

5. Complete intersection rings 

In this section we discuss a class of rings for which the best possible results 
characterizing finite projective dimension in terms of homological (cf. i)5.1|) and 
numerical (cf. fl5.2[) conditions involving the Frobenius endomorphism hold. This 
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case was rendered more approachable by techniques particular to this class of rings. 
These are given in Section l5~3l before the proofs, which are gathered in Section l5~4l 
To introduce the next notion we recall that by Cohen's Structure Theorem, cf. 
§\\ every complete local ring has a Cohen presentation, that is, a presentation as a 
homomorphic image of a regular local ring. 

Definition. A local ring R is said to be complete intersection if in some 
(equivalently, in every) Cohen presentation of its m-adic completion R, the defining 
ideal is generated by a regular sequence. A Noethcrian ring R is said to be complete 
intersection if for every maximal ideal m the local ring R m is complete intersection. 

5.1. Homological conditions for finite projective dimension. The re- 
sults in Section especially Theorem 12.2.81 raise the question whether the ulti- 
mate generalization of Theorem EH holds: If Torf (M,f n R) = for some i > 
and some n > 0, then M has finite projective dimension. A positive answer is 
known over complete intersection rings. 

Theorem 5.1.1 (Avramov-Miller, [H| Main Thm.]). Let R be a complete inter- 
section ring, and M a (possibly infinitely generated) R-module. 

If Torf '{M^R) = for some fixed i,n > then Torf (M,f n R) = for 
all j > i; if furthermore, M is finitely generated, then pdM < oo, and hence 
Tovf{M^ n R) = for all j > 0. 

The first statement says that v R is rigid for any complete intersection ring R. 

It suffices to treat the case when the ring R is local. By 15.3.21 below one 
may assume that R is complete. The proof in the complete local case exploits a 
very concrete factorization of the n-th Frobenius endomorphism ip n as a flat map 
followed by a surjection, discussed in Sect ion 1531 and the notion of complexity. The 
factorization allows the possibly infinitely generated module v R to be replaced by 
a cyclic module over a (different) complete intersection ring. Furthermore, the 
asymptotic homological behavior of this cyclic module is transparent due to an 
explicit resolution constructed by Tate |54| . Dutta |15| has given a variation on 
the proof that uses the factorization, but avoids the notion of complexity. 

In Section 15.41 we sketch the proof from [2] , incorporating a simplification of 
the first part given in |15j . 

5.2. Numerical conditions for finite projective dimension. The numer- 
ical functions discussed in Section ^behave well for complete intersection rings. 

Theorem 5.2.1 (Dutta, [141 Thm. 1.9]). Let R be a complete intersection local 
ring, and let M an R-module of finite length. Then 

(i) l{F n {M)) > i{M)p nd for all n > 0, and, 

(ii) £(F n (M)) = i(M)p nd for all n > if M has finite projective dimension. 

Combining the original proof in |14j with ideas from [S], and 1 1 51 . we prove 
this result in Section IS~4l Local Chern character theory, described in Section IfT^l 
provides another proof. 

Using the ideas from all three papers, |14| . [2], and |15j . we can derive a 
converse of Theorem 15. 2 .11 The proof can be found in Section IS~4l 

Theorem 5.2.2. Let R be a complete intersection local ring, and let M be an 
R-module of finite length. If t(F n {M)) = £(M)p nd for some n > 0, then M has 
finite projective dimension. 
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The condition on lengths is rendered more concrete if we recall that for a module 
M with presentation 

RS ±^ i?* — > M — ► 0, 

the module F n (M) is simply the cokernel of the matrix [a? ]. In particular, we 
obtain a quick way to check the finiteness of projective dimension of m-primary 
ideals. 

COROLLARY 5.2.3. Let I be an m-primary ideal in a complete intersection 
local ring R. Then I has finite projective dimension if and only if £(R/I^) = 
p d £(R/I). □ 

5.3. Main Ingredients. This section includes the basic tools that we need 
for the proofs of the results above. It is these constructions that make the Frobenius 
cndomorphism in the case of complete intersection rings so amenable to study. 

We begin with a factorization, defined for any local ring R of characteristic p\ 
it is particularly useful in the case that R is complete intersection. We will use 

Notation. For any homomorphism a: A — > B of commutative rings, we let 
a B denote the A-B-bimodule B with A acting through a and B acting through 
id B , that is, a ■ b' = a(a)b' and b' ■ b = b'b for all a G A, b' G a B, b G B. 

Factorization 5.3.1. Let R be a local ring of characteristic p. By Cohen's 
Structure Theorem, cf. the ring R is a residue ring of a ring of formal power 
series Q = k[[t]] on indeterminates t = t%, . . . , t e , say R = Q/I, with / C trig. Set 

S = R® Q * n Q = Q/l\P n \ 
Let a : S — > R be the canonical surjection, and let p denote the composition 

R^ R = R® Q Q R®q v Q = S. 

Then o~p = ip^i = i<^^; as t and ip n : Q —> Q are local fiat homomorphisms, so is p. 

Since R is flat over R and p is flat, we have isomorphisms 
(1) Torf (M, V "R) ®rR = Torf (M, V " L R) S Torf (M ® R P S, a R). 

Concretely, the endomorphism ip 7 - factors as 

R S _fL_ R 



Q/I > Q/I [p " ] > Q/I 

where ip(r) = r pn and a(s) = s. If I = (x\, . . . , x r ), then I^ p ' = (x p , . . . , x p ). In 
particular, if R is complete intersection, then the ring S is also complete intersection 
and has the same codimension as R. 

The following remark is useful for reducing to the complete case. 

Completion 5.3.2. If t: R — + R denotes the canonical map into the m-adic 
completion, then 

Torf (M, Torf (M, V ".R) ® r R ^ Torf (M ® R R, ^R) 
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for all i > since np R = <^~i. For i — this yields 

Fg(M) ® R R^FI,(M® R R) 

and thus an equality of lengths £ fl (F"(M)) = I ^(F^(M ® R R)) . Since i? is faithfully 
flat over i?, these facts enable us to assume that R complete in the proofs below. 

Wo describe next a filtration originating in |14| that conveniently complements 
the factorization above. 

Filtration 5.3.3. Assume now that R is complete. By Cohen's Structure 
Theorem, cf. ^ R can then be written as a residue ring of a regular ring Q by a 
Q-regular sequence x = Xi, . . . , x c G m 2 , that is, R = Q/(x). We use the notation 
from the factorization in Remark 15.3.11 

The Q-module S — Q/(x p ) has a filtration 

= S p nc c S>=_i c-cS 1 cSo = S 

with subquotients isomorphic to R; it produces exact sequences 

— >S k+1 -^S k ^R — >0 for fc = 0,...,p nc -l 

with do equal to the map a in the factorization in Remark 15.3.11 Tensoring 
each sequence on the left with the S module M' — M ®# P S, we obtain, for 
k = 0, . . . ,p nc — 1, long exact sequences 

(2) — ► Torf (M\ a R) ^ M' ® s S k+1 M' ® s S k ^ M' (g> s a R — > 
In each long exact sequence, the last term can be recognized as 

(3) M' ® s a R = (M ® fl P S) ® S R = M ® fl '^R = F£(M). 
Similarly, in the sequence for k = 0, since Sq = S the second-to-last term is 

(4) M' ® 5 5*0 ^M'=M ® fl p S S M ® Q ^"Q = Fq (M) . 

5.4. Proofs. We are now ready to give the proofs of the results in 15.11 and 
15.21 In each proof, we use the notation and constructions from Remarks 15.3.11 and 
15.3.31 In particular, once we have reduced to the situation where R is complete, 
setting M' = M ®r p S, we use repeatedly the isomorphisms Q from 15. 3^1 

Torf {M,f n R) = Torf(Af', CT i?). 

The first proof is from [9] but is modified to include the simplification of the 
first part given in |15| . 

Sketch of Proof of Theorem 15. 1.11 By 15.3.21 we may assume that R is 
complete. 

The first part is proved by induction on j > i. Suppose that Torf (M, v R) = 
and thus Tor^(M', a R) = 0. Since S p ^c = 0, the long exact sequences ©, beginning 
with the one for k — p nc — l and ending with the one for k — 1, yield Tor^(Af, Si) = 
0. Since Sq — S, it is automatic that Tor^ +1 (M', Sq) = and so the long exact 
sequence for k — yields Tor - +1 (M', a R) — 0, as desired. 

For the second part, by passing to a syzygy module of M we may assume 
i = 1, and so Torf (M, V "R) = for all j > 0. Equivalently, Tor^(Af, a R) = for 
all j > 0, and so it follows from |37l Prop. 2.1] that 

cx s M' + cx s a R = cx s (M ' (g) 5 °R) 
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where cxs denotes complexity, cf. Appendix [bJ The right-hand side is at most 
equal to c = codimS*, cf. Appendix IbI On the other hand, by a result of Tate [541 
Thm. 6], an explicit resolution of a R over the complete intersection ring S is known, 
and it yields cxs a R = c. This forces cxs M' = or, equivalently, pd s M 1 < oo. 
Since p is faithfully flat, this implies that pd^M < oo. □ 

Combining the original proof in |14| with ideas from and |15) yields 

Proof OF l5.2.ll Bv l5.3.2l we may assume that R is complete. 
Keeping the isomorphisms J3J and jl) in mind, we see by counting lengths in 
the exact sequences © that 

£(F%(M)) < £(F%(M))p nc , 

with equality holding if and only if Sj = for j = 0, . . . , p" c — 1. Since Q is regular 
of dimension d + c, the left-hand side equals l(M)p n ( d+c > by Remark 14. II thus, 

£(F%(M)) > £(M) P nd , 

with equality holding if and only if Sj = for j = 0, . . . ,p nc — 1. 

If M has finite projective dimension, then Torf (Af, v R) = for all z > by 
Theorem 15X31 and thus Torf(M',°R) = for all i > 0. Therefore from the exact 
sequences (jJJ) we get Sj = for all j, giving the conclusion of (ii). □ 

The remaining result is now almost immediate. 

PROOF of 15.2.21 As shown in the preceding proof, the equality £(F^(M)) = 
£(M)p nd implies that Sj = for all j. In particular, So is the zero map, and the 
sequence © yields Torf (M f , a R) = since Torf (M', S) = 0. Therefore, one obtains 
Torf (M, V "R) = 0, so M has finite projective dimension by Theorem l5.1.1l □ 

5.5. Growth of Tors. Theorem 13.2.31 yields a comparison of the asymptotic 
homological behaviors of the modules v R and k; more specifically it relates the 
growths of the sequence ( Torf (fc, v i?)) to the Betti numbers Cr( Torf (fc, k)) 
of the residue field. In this section we discuss an extension of this for complete 
intersection rings in which k is replaced by any i?-module M of finite length. 

Remark 5.5.1. The Betti numbers of M have quasi-polynomial behavior: by 
[2171 Cor. 4.1] and [3J Thm. 4.1] there exist polynomials b±(t) G Q[t] such that 

^(Torf(M,fc)) = 
deg Mt) 

Similarly, we ask about the rate of growth of ^ v n(Torf (M, v R)), where the 
length is measured as in Appendix I A. 21 The next result shows that if £r(M) is 
finite and n is fixed, the numbers ^"(Torf (M, V "R)) grow at the same rate as do 
the numbers ^(Torf (M, fc)). 

Theorem 5.5.2 (Avramov-Miller, |2| Main Thm.]). Let R be a complete inter- 
section local ring and M an R-module. If £r(M) < oo, then for every n > there 



\b+(i) for all % = 2s > ; 
~ 1 b-(i) for all i = 2s + l>0; 
= deg b- (t) = cx R M - 1 . 
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exist polynomials h±(t) G Q[t] such that 



V(Torf(M,^ R)) = 



h + (i) for all i = 2s > ; 
h-(i) for all i = 2s + 1 > ; 
maxjdeg h + (t) , deg /i_ (t)} = cx R M — 1 . 



The proof involves using Matlis duality to convert to Ext modules, where an 
algebra structure and the theory of the complexity of pairs of modules is available. 

6. Asymptotic numerical conditions 

6.1. Asymptotic criteria. Kunz 29 , cf. §f\ introduced the numerical func- 
tion n i->- e(R/m^) as an analog of the Hilbert-Samuel function n i— > £(R/m n ). 

More generally, Monsky in 1983 considered the function n h- > l^M/I^^M) for 
any m-primary ideal / and finitely generated i?-module M and named it the Hilbert- 
Kunz function of M . As an analog of the fact that the Hilbert-Samuel function 
is a polynomial of degree d for n»0 with leading coefficient e(m, R) defining the 
multiplicity of R, he proved: 

Theorem 6.1.1 (Monsky, |4()l Thm. 1.8]). Let R be a local ring of characteristic 
p, I an m-primary ideal of R, and M a finitely generated R-module. There exists 
a constant C such that 

e(M/i [pn] M) = c P nd + o( P n{d - 1) ), 

where 0(p n ^ d ~ 1 ' > ) represents a term whose absolute value is less than _Bp"( d_1 ) for 
some constant B and all n>0. 

In the case that M = R, we can rewrite this function in terms of the Frobenius 
functors as £(F n (R/ 1)) and it is usually called the Hilbert- Kunz function of /. By 
Theorem 16. 1.11 the limit 

l(F n {R/I)) 



lim 



pnd 



then exists; it is known as the Hilbert-Kunz multiplicity cuk(I, R) of /. If / = m, 
the limit is called the Hilbert-Kunz multiplicity of the local ring R. 

The Hilbert-Kunz function and multiplicity have been studied by a number of 
authors, beginning with Monsky in 40 and Han and Monsky in |21| . and tend 
to be very complicated when the ideal in question does not have finite projective 
dimension. Defined similarly to the usual multiplicity of an ideal /, the Hilbert- 
Kunz multiplicity however seems to reflect arithmetic information about the ideal. 
Not much is known yet about its interpretations or even whether it is always a 
rational number. 

Recently Watanabe and Yoshida characterized regularity of a local ring in terms 
of an asymptotic version of condition (c) in Kunz's Theorem. A simplified proof 
was given later by Huneke-Yao 25 . This result is analogous to the classical char- 
acterization of regularity in terms of the Hilbert-Samuel multiplicity that says that 
if R is unmixed, then it is regular if and only if e(m, R) — 1. Recall that R is 
unmixed if dimi? = dimi?/p for every associated prime ideal p of R. 

Theorem 6.1.2 (Watanabe- Yoshida, |55l Thm. 1.5]). Let R be a unmixed local 
ring of characteristic p. Then the following conditions are eguivalent. 

(a) R is regular. 
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(c*) e H K(m,i?) = 1 

Remark 6.1.3. The condition that R is unmixed is necessary as the following 
well-known example shows: Let k be a field of characteristic p, and R the ring 
k[[x, y]]/(x 2 , xy) with maximal ideal m — (x,y). Then eHK(>n, R) = 1 and yet R is 
not regular. 

Dutta extended Hilbert-Kunz functions of ideals to a module setting by using 
Frobenius functors. As in the previous section, let M denote a module of finite 
length. Seibert |51| proved that there is a constant C such that 

l{F n {M)) = C P nd + 0(p n{d - x) ), 

so that the limit 

£{F n (M)) 



lim 



pnd 



exists. Theorem 15 . 2 . II implies that if M is a module of finite projective dimension 
over a complete intersection ring, then this limit equals £{M). Furthermore, over 
complete intersection rings the converse was proved in 38 , yielding the correspond- 
ing module version of Theorem 16.1.21 over these rings. We give the proof here since 
it can be shortened substantially now in view of the more recent results. 

Theorem 6.1.4 (Miller, [23 Thm. 2.1]). Let R be a complete intersection local 
ring of characteristic p, and let M be an R-module of finite length. The following 
conditions are then equivalent. 

(a) M has finite projective dimension; 
(c .) lim fi£^» = „M). 

Proof. By Theorem l5.2.1l with n = 1, applied to the modules F t (M) for i > 0, 
we see that the sequence 

/ £(F n (M)) \°° 

V )n=0 

is nondecreasing. If pd(M) < oo, then the limit equals £{M) by Theorem 15. 2. II 

Conversely, if the limit of the sequence equals £(M), namely, its initial term, 
then all terms are equal, i.e., l(F n {M)) = £(M)p nd for all n > 0, and so M has 
finite projective dimension by Theorem 15. 2. 21 □ 

COROLLARY 6.1.5. Let R be a complete intersection local ring of characteristic 
p. If L is an m-primary ideal, then it has finite projective dimension if and only if 

e BK (I,R)=£(R/I) □ 

6.2. Local Chern characters. We cannot expect results like Theorem 16. 1.41 
to hold over arbitrary local rings since, in fact, the modules in Example 14 . 41 satisfy 

£(F n (M)) , , s 
lim -i ^ ^ M )- 

n — >oo pTia 

Why such examples can exist over non-complete intersection rings is explained by 
the theory of local Chern characters of Baum, Fulton, and MacPherson, jlOj and 
|17j . It was developed further by P. Roberts in |45j for use in his proof of Serre's 
Vanishing Conjecture for rings of mixed characteristic, where his result on the 
commutativity of the local Chern characters was the main ingredient. He used the 
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theory again in an essential way in his proof of the New Intersection Theorem in 
mixed characteristic |47| . 

Following the exposition in J7| and in |48| . we briefly sketch the explanation 
given by Roberts of the obstruction to an equality 

Um ^(M)) 

for modules M of finite projective dimension. 

Assume first that R is an arbitrary complete local ring. For a closed subset X 
of Speci? let A*(X)q — @ Ai(X)q denote the rational Chow group of X, that is, 
Ai(X)q is the Q- vector space on cycles of codimension i modulo rational equiva- 
lence. Given a bounded complex L m of finitely generated free R modules with finite 
length homology, there exists a local Chern character 

ch(L.) = ch d (L.) + ch d _i(L.) + • • • + ch (L.) 

where, for each i, 

ch 4 (L.) : Ai(Spec R) Q -> A ({m}) Q Q. 

If L, is the resolution of a module M of finite length and finite projective dimension, 
then by a special case of the Local Riemann-Roch Formula (cf. [481 Thm. 12.6.1]) 
there exists an element 

t{R) = r d (R) + ■■■ + t (R) 6 A*(Spec R) Q , 

called the Todd class of R, such that 

d 

£(M) = ch(L.){ T (R)) =5^dn(L.)(T,(fl)). 

t=o 

Now suppose that R has positive characteristic p and perfect residue field and 
that the Frobenius endomorphism is a finite map. The following result follows from 
the facts that F n (L.) is a resolution of F n (M) (cf. Theorem l2~T"3) and that local 
Chern characters are compatible with finite maps. 

Theorem 6.2.1 (P. Roberts, HU Prop. 12.7.1]). With the hypotheses above, 

d 

e(F n (M))=ch(F n (L.))(T(R))=^p ni ch i (L.)( Ti (R)), 

t=o 

and thus 

lim gW) =chd(Lm){Td{R)) . 

n— »oo p na 

This result, as well as Roberts' proof of the Vanishing Theorem, are motivations 
for the following definition. 

Definition 6.2.2 (Kurano, [32 Def. 2.1]). Let R be an algebra of finite type 
over some regular local ring. The ring R is Roberts if T.;(i?) = for all i < d. 

Definition 6.2.3 (Kurano, 32 ). Let R be an algebra of finite type over some 
regular local ring. The ring R is numerically Roberts if for any finite free complex 
L, with finite length homology chj(L # ) (ri(R)) = for all i < d. 

Corollary 6.2.4. If R is a numerically Roberts ring and M a module of finite 
projective dimension, then l(F n {M)) = £(M)p nd for all n > 0. □ 
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Certain numerically Roberts rings have identified by using the following result. 

Theorem 6.2.5 (P. Roberts, [H Thm. 2], 48, Thm. 12.4.4]). Let R be a 

complete local ring of characteristic p. 

(i) If R is complete intersection, then Ti(R) = if i < d, i.e., R is Roberts. 

(ii) If R is Gorenstein, then Td~i{R) =0ifi is odd. 

(iii) If dim R > 0, then A (SpecR)q = 0. 

(iv) If L % has finite length homology and dimi? > 1, then chi(i.) = 0. 

For lack of a suitable reference, we briefly explain (iii): letting p be a submax- 
imal prime ideal of R and x a non-unit outside of p, so that m is the only prime 
ideal in the support of R/((x) +p), we see that div(x,p) = £(R/((x) +p))[R/m] in 
the Chow group of R. Thus [i?/m] is zero in the rational Chow group. 

Theorems l6~2~Tl and l^2~5l reaffirm that the equality £(F n (M)) = l(M)p nd holds 
for modules M of finite projective dimension over the rings in each of the classes 
in Theorems 14.31 and 15.2.11 since in each case R is numerically Roberts. However, 
in general the terms chj(-L,)(rj (R)) for i < d account for a possible inequality 

li m « , f ,M), 

n— >oo pft-u 

such as in Roberts' example described in Example 14.41 In 1996 Kurano |3U| found 
a five-dimensional Gorenstein ring that is not Roberts (^(i?) ^ 0). The example 
of Singh and the author 3Sj, cf. Example 14.41 provided the first five-dimensional 
Gorenstein ring that is not numerically Roberts. 

Very recently, Roberts and Srinivas 49 used deep K-theoretic results of Thoma- 
son and Trobaugh to construct large families of rings which are not numerically 
Roberts: these include affine cones of P™ x P m studied by Kurano in [55] ■ More 
generally, Roberts and Srinivas consider affine cones of smooth varieties which have 
a nondegenerate intersection pairing, and obtain conditions under which Roberts 
and numerically Roberts are equivalent notions. More precisely, they show that 
for such rings whenever r^(i?) ^ for some i < d, there is a complex L % with 
chi(L,)(ri(R)) ^ 0. Whether Ti(R) vanishes can be determined, modulo Grothen- 
dieck's Standard Conjectures , by examining the related theory of topological Todd 
classes. The case of Grassmanians was later studied by Kurano and Singh 33 , 
who determine which of these have Roberts homogeneous coordinate rings. 

7. Questions 

In this section we consider some natural questions arising from the results 
discussed in this survey. 

The question remains whether v R is a "test module" for finite projective di- 
mension over any local ring: 

Conjecture 7.1. Let M be an R- module. If Torf (M, ^R) = for some fixed 
i,n > 0, then M has finite projective dimension. 

The evidence seems strong: It holds for complete intersection rings by Theorem 
15.1.11 At the other extreme, it holds also for rings of depth zero as long as n > 
log p (crs p (i?)) by Corollarv l2 .2 . 91 and for Cohen-Macaulay rings of dimension one as 
long as n > log p (drs p (i?)) by Corollary 12. 2. 121 

As discussed in Section 0J if M is a finitely generated i?-module of finite pro- 
jective dimension, then an equality £(F n (M)) = £(M)p nd holds in the graded case, 
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cf. Theorem 14 .21 it also holds for complete intersection rings, cf. Theorem 15.2.11 and 
for some classes of rings of small dimension, cf. 14. HI and 15. 2. II ('indeed, it holds over 
any ring that is numerically Roberts, cf. I6.2.4|> . However, by Example 14.41 it may 
fail in general. When it does hold, there is a possibility for a converse; we list the 
graded case, perhaps the most approachable. 

Question 7.2. Let R = © i>0 Ri be a graded Noetherian ring of dimension d 
with i?o Artinian, and let M be a graded i?-module of finite length. If the equality 
£(F n (M)) = £(M)p nd holds for all n > 0, does M then have finite projective 
dimension? 

Next we consider, for a finitely generated module M over a local ring R, the 
properties of Fjj(M). By Remark |2. 1.71 whenever M has finite projective dimen- 
sion, the modules Fg(M) and M have the same depth, but this fails in general. 
On the other hand, it is possible for the sequence {depth F^(M)} n to be constant 
even when pd^M is infinite: modules of finite length give such examples. 

Question 7.3. Is there a stable value of depth F£(M) asm oo? For which 
i?-modules M is the depth of F2(M) constant for all nl 

Finally, we consider asymptotic homological properties of the Frobenius en- 
domorphism. Let ) denote the minimal number of generators. A natural 

question arising from Theorem 15 . 5 . 21 is : 

Question 7.4. If R is a complete intersection local ring and M a finitely 
generated J?-module, does then the function i i— » ( Torf (M, V ™R)) have quasi- 
polynomial behavior for i > 0? 

If Ir(M) < oo, this question has an affirmative answer by the proof of Theorem 
15X21 cf. 9, §2] for details. 

It is known that £r( Torf (M, k)) has maximal growth when M is equal to the 
residue field, in the following precise sense: for any finitely generated i?-module M, 
there exists a constant Cm such that 

£ fl (Torf (M, k)) < C M • t R { Torf (fc, fc)) for all % > 0. 

In terms of complexity and curvature, defined in Appendix [51 this implies 

cx^(M) < cxji(k) and cutvr(M) < curv^(fc). 

This suggests the following question for Tors against the powers of the Frobenius 
endomorphism. 

Question 7.5. For any finitely generated module M over a local ring R, does 
there exist a constant Cm such that an inequality 

fi^n ( Torf (M, V "R)) < Cm ■ £^ ( Torf (fc, ^R)) , 

holds for alH > 0? 

Appendix A. Module structures 

The power of methods based on the Frobenius endomorphism is partly due 
to the fact that it provides every i?-module with two different actions of R. This 
creates different R- module structures on tensor products, Tors, etc., which may be 
confusing for first-time users. In this appendix we review these structures and the 
basic properties they inherit from the original i?-module. 
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In order to differentiate between the various actions of i?, we first review the 
necessary facts in a more general 5 set-up: a : A — ► B is a homomorphism of com- 
mutative Noetherian rings, M is an A-module and N is a B-module. We always 
view TV as an A-module by restriction of scalars via a. 

A.l. Module structures on the Tors. The tensor product M <E)a N has a 
canonical structure of a B-module 6 via N, given by b(m (E> n) = m nb. 

Similarly, each Torf (M, N) has a canonical structure of B-module, via N. It 
can be defined by writing Torf (M, N) as the homology of the complex (L, N), 
where L, is a resolution of M by free A-modules. 

A. 2. Generation and length. Some properties of M are preserved by the 
Tors. 

Finite generation A. 2.1. If M is finitely generated over A and N is finitely 
generated over B, then Torf (M, N) is finitely generated over B. 

Proof. Let L, be a resolution of M by finitely generated free A-modules. 
Each module in the complex L, ®a N is then a finite direct sum of copies of N 
and hence it is a finitely generated -B-module. Since B is Noetherian the homology 
modules are finitely generated as well. □ 

Finite length A. 2. 2. Suppose that N is a finitely generated B-module such 
that £b{N / a(m)N) < oo for every maximal ideal m of A. If M has finite length 
over A, then Tor i (M,N) has finite length over B. 

We use 4 (Torf (M, N)) to denote the length of the B-module Torf (M, N). 

Remark A. 2. 3. The condition on the lengths of N/a(m)N holds, in particular, 
if a is a map with finite closed fibers, that is, if £b(B /a(m)B) is finite for every 
maximal ideal m of A. 

Proof. Since Torf (M, N) is a finitely generated _B-module by IA.2.11 it is 
enough to show that its -B-support consists only of maximal ideals. Let q be a non- 
maximal prime ideal in B, and let p be its contraction to A. There are isomorphisms 

Torf (M, N) q - Torf (M,N) P ® Ap B q = Torf (M„, N q ). 

If p is maximal, then the set Supp(A f /a(p)A f ) = Supp(£?/a(p)£?) f] Supp(A^) con- 
sists of maximal ideals by hypothesis. In this case, N q = since a(p) C q. If p is 
not maximal, then M v =0. □ 

A. 3. Tor as an ^-module. Since A is commutative, each Torf (M, N) has 
also a structure of A-module, induced by the action of A on M. This endows 
Torf (M, N) with a natural structure of A-£?-bimodule for each i > 0, cf. |35l V.7]. 
Now the -B-module structure gives rise to another A-module structure by restriction 
of scalars via a. 

Comparison of ^-structures A.3.1. The two A-module structures defined 
above on Torf(M, JV) coincide. 

5 In Appendix we specialize to the case where a is the n-fold composition <p n : R —* R of 
the Frobenius endomorphism of a Noetherian ring R, M is an i?-module, and N = R. 

^It is perhaps useful to think of A and B as noncommutative, so the A-module structures on 
M and N have been "used up" in forming the tensor product and only a _B-structure remains; it 
is via the B-structure that modules retain properties such as finite generation and finite length. 
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Proof. For i = the conclusion follows from the equalities 

a(m ® n) = am ® n = ma ®n = m®an = m® na{a) = (m (g> n)a(a) 

for any m G M, n £ N and a e A. Let i. be a projective resolution of M over 
A. By the same argument, the two A- module structures on the complex L. ®a N, 
and thus on its homology modules Tor^(M, N), agree. □ 

Applying I A . 2 . II to the identity map of A we get: 

Finite generation A.3.2. If M and N are finitely generated over A, then 
the A-module Torf(M,N) is finitely generated. If furthermore, £a(M) < oo, then 
£ A (ToTf(M,N))<(x>. a 

Now suppose that a is local and that A and B have residue fields k and I, 
respectively. The map a induces an injection of residue fields Let W be a 

B-module that has finite length when viewed as an A-module. A filtration of W 
over B with £b(W) subquotients isomorphic to I, which has length £k(l) over A, 
yields 

£ k {l) ■ £b(W) = £ A (W) < oc 

In particular, £b(W) is finite, and so is £k(l) if W ^ 0. By IA.3.21 the preceding 
discussion applies to W = Torf(M,N), if £a{M) < oo and is finitely generated 
over A, cf. IA.2.21 

Comparison of lengths A.3.3. Suppose that a: A — > B is a local homomor- 
phism of local rings with residue fields k and I, respectively. If £a(M) < oo and N 
is finitely generated over A, then 

£ A (Tovf {M,N)) = 4(0 -£ a (Tor? (M,N)) < oo □ 

Appendix B. Complexity and curvature over a homomorphism 

We extend the notions of complexity and curvature of a finite module over a 
local ring A to a relative situation. 

Let a: A — > B be a local homomorphism of local rings with residue fields k and 
I, respectively, such that £B{k®AB) < oo. Let N be a finitely generated _B-module. 
Then by IA.2.21 we have £ a (Toif (k, N)) < oo for all i > 0. So we may make the 
following definition. 

Definition B.l.l. Define the complexity and curvature of N over a as 
cx Q N = inf{f 6 N | l a (Torf (k, N) < some /3 G K, alH > 0} 

curv Q N = limsup, \fljTorf (k, N)) 

When a is the identity map id,4, we set 

cxa N = ex. id A N and curv^ A^ = curv id A N. 

These "absolute" notions have been used earlier, cf. [5]. We review some standard 
facts for these: Clearly, an A-module A^ has finite projective dimension if and only 
if cxa N = 0. If A is complete intersection, then cx^ A^ < edim A — dim A by 20 
Cor. 4.1], with equality when N = k. The curvature of N is always finite (cf., e.g., 
(2.5)]), and it is maximal when N = k (0 Prop. 2]). 
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The finiteness and extremality statements carry over to the "relative" concept 
defined above, as proved in jS], that is, 

(5) cx a iV < cxa k and curv a iV < curv^ k. 

If N happens to be finitely generated over A, then its complexity and curvature 
are defined over A as well. In this case relative and absolute notions agree: 

Comparison of complexities and curvatures B.1.2. Let a: A— > B be a 
local homomorphism of local rings. If N is finitely generated over A, then 

cx Q N = cvla N and curv Q iV = curv.4 N. 

This is seen by applying I A. 3. 31 to M = k. 

Appendix C. The Frobenius endomorphism 

Let R be a Noetherian ring of characteristic p. 

We now specialize the results above to the case where a is the n-th Frobenius 
endomorphism <p n : R — > R, M is an i?-module, and N = R. As explained in 
Sections |A~T1 and lA~3l we have two R- module structures on Torf (M, V "R). The 
structure used is the one that preserves finiteness properties of M, namely the one 
described in Section lA.ll it comes from the action of R via idu on the right-hand 
variable R. The facts below apply, in particular, to F n (M) = Tor^(Af, V ™R). 

The first facts follow from lA.2.1l and lA.2.2l 

Proposition C.l.l. Let M be an R-module. 

(i) // M is finitely generated, then so is Torf(M, ^R). 

(ii) If M has finite length, then so does Torf (M, f n R). □ 

Construction IBT . II yields notions of complexity and curvature over the powers 
of the Frobenius endomorphism. Inequalities lBl(5|) yield finiteness statements: 

Proposition C.1.2. Let R be a local ring with residue field k. 

cx^ni? < cx/j k and curv^ni? < curv/j k. 

Bv lA.3.3l and lB.1.2l we have 

Proposition C.1.3. Let R be as above, and suppose that tp n is finite. 

(i) If M is an R-module of finite length, then 

MTorf (M, f n R)) = l kP n (k) £ v n (Torf (M, ^R)). 

where k p — <£%{k) is the subfield of p n -th powers. 

(ii) There are equalities 

cx^ni? = cxfl v R and curv^ni? = curv^ v R . □ 

Acknowledgements 

The author wishes to thank Luchezar Avramov whose advice greatly influenced 
the paper, both in content and in form, and also Srikanth Iyengar for interesting 
and useful comments. In addition, most of the questions in Section grew out of 
conversations with them. 



FROBENIUS ENDOMORPHISM 



27 



References 

[1] M. Andre, Homologie des Algebres Commutatives, Grundlehren der Math. Wiss. 206, 

Springer- Verlag, New York-Berlin, 1974. 
[2] M. Auslander, M. Bridger, Stable Module Theory, Memoirs of the Amer. Math. Soc. 94 

(1969). 

[3] L. L. Avramov, Modules of finite virtual projective dimension, Invent. Math. 96 (1989), 
71-101. 

[4] L. L. Avramov, Homological asymptotics of modules over local rings, in Commutative Alge- 
bra, Math. Sci. Res. Inst. Publ. 15 Springer- Verlag, New York-Berlin, 1989, 33-62. 

[5] L. L. Avramov, Modules with extremal resolutions, Math. Res. Lett. 3 (1996), 319-328. 

[6] L. L. Avramov, H.-B. Foxby, J. Herzog, Structure of local homomorphisms , J. Algebra 164 
(1994), 124-145. 

[7] L. L. Avramov, V. N. Gasharov, I. V. Peeva, Complete intersection dimension, Inst. Hautcs 

Etudes Sci. Publ. Math. 86 (1997), 67-114. 
[8] L. L. Avramov, S. Iyengar, C. Miller, Homology of modules over local homomorphisms. 

Applications to the Frobenius endomorphism, preprint. 
[9] L. L. Avramov, C. Miller, Frobenius powers of complete intersections, Math. Res. Lett. 8 

(2001), 225-232. 

[10] P. Baum, W. Fulton, and R. MacPherson, Riemann-Roch for singular varieties, Inst. Hautcs 

Etudes Sci. Publ. Math. 45 (1975), 101-145. 
[11] A. Blanco, J. Majadas, Sur les morphismes d'intersection complete en caracteristique p, J. 

Algebra 208 (1998), 35-42. 
[12] W. Bruns, J. Herzog, Cohen- Macaulay Rings, Cambridge Studies in Adv. Math. 39, Cam- 
bridge University Press, Cambridge, 1993. 
[13] L. Burch, On ideals of finite homological dimension in local rings, Math. Proc. Cambridge 

Philos. Soc. 64 (1968), 941-952. 
[14] S. P. Dutta, Frobenius and multiplicities, J. Algebra 85 (1983), 424-448. 
[15] S. P. Dutta, On modules of finite projective dimension over complete intersections, Proc. 

Amer. Math. Soc. 131 (2003), 113-116. 
[16] S. P. Dutta, M. Hochster, J. E. McLaughlin, Modules of finite projective dimension with 

negative intersection multiplicities, Invent. Math. 79 (1985), 253-291. 
[17] W. Fulton, Intersection Theory, Springer- Verlag, New York-Berlin, 1984. 
[18] A. A. Gerko, On homological dimensions, Mat. Sb. (N.S.) 192 (2001), no. 8, 79-94 [Russian]; 

[English translation: Sb. Math. 192 (2001), 1165-1179]. 
[19] S. Goto, A problem on Noetherian local rings of characteristic p, Proc. Amer. Math. Soc. 64 

(1977), 199-205. 

[20] T. H. Gullikscn, A change of rings theorem, with applications to Poincare series and inter- 
section multiplicity, Math. Scand. 34 (1974), 167-183. 

[21] C. Han, P. Monsky, Some surprising Hilbert-Kunz functions, Math. Z. 214 (1993), no. 1, 
119-135. 

[22] J. Herzog, Ringe der Charakteristik p und Frobenius- Funktoren, Math. Z. 140 (1974), 67-78. 
[23] M. Hochster, Cyclic purity versus purity in excellent Noetherian rings, Trans. Amer. Math. 

Soc. 231 (1977), 464-488. 
[24] C. Hunekc, Tight closure and its applications, Regional Conference Series in Mathematics 

88, 1996. 

[25] C. Huneke, Y. Yao, Unmixed local rings with minimal Hilbert-Kunz multiplicity are regular, 

Proc. Amer. Math. Soc. 130 (2000), 661-665. 
[26] S. Iyengar, S. Sather-Wagstaff, The Gorenstein dimension of the Frobenius endomorphism, 

preprint. 

[27] J. Koh, K. Lee, Some restrictions on the maps in minimal resolutions, J. Algebra 202 (1998), 
671-689. 

[28] J. Koh, K. Lee, New invariants of Noetherian local rings, J. Algebra 235 (2001), 431-452. 
[29] E. Kunz, Characterization of regular local rings of characteristic p, Amer. J. Math. 41 (1969), 
772-784. 

[30] K. Kurano, A remark on the Riemann-Roch formula on affine schemes associated with Noe- 
therian local rings, Tohoku Math. J. 48 (1996), 121-138. 
[31] K. Kurano, On Roberts rings, J. Math. Soc. Japan 53 (2001), 333-355. 



28 



C. MILLER 



[32] K. Kurano, Numerical equivalence defined on a Chow group of a Noetherian local ring, in 
preparation. 

[33] K. Kurano, A. K. Singh, Todd classes of affine cones of Grassraannians , Int. Math. Res. 
Notices 35 (2002), 1841-1855. 

[34] C. Lech, Inequalities related to certain couples of local rings, Acta Math. 112 (1964), 69-89. 

[35] S. Maclane, Homology, Grundlchrcn der Mathematischcn Wisscnschaften 114, Academic 
Press, New York; Springer- Verlag, New York-Berlin, 1963. 

[36] H. Matsumura, Commutative Ring Theory, Cambridge Studies in Adv. Math. 8, Cambridge 
University Press, Cambridge, 1986. 

[37] C. Miller, Complexity of tensor products of modules and a theorem of Huneke-Wiegand, Proc. 
Amcr. Math. Soc. 126 (1998), 53-60. 

[38] C. Miller, A Frobenius characterization of finite projective dimension over complete inter- 
sections, Math. Z. 233 (2000), 127-136. 

[39] C. Miller, A. K. Singh, Intersection multiplicities over Gorenstein rings, Math. Ann. 317 
(2000), 155-171. 

[40] P. Monsky, The Hilbert-Kunz function, Math. Ann. 263 (1983), 43-49. 
[41] M. Nagata, Math. Reviews 40 # 5609. 

[42] C. Peskine, L. Szpiro, Sur la topologie des sous-schemas fermes d'un schema localement 

noetherien, definis comme support d'un faisceau coherent localement de dimension projective 

finie., C. R. Acad. Sci. Paris Ser. A Math. 269 (1969), 49-51. 
[43] C. Peskine, L. Szpiro, Dimension projective finie et cohomologie locale, Inst. Hautes Etudes 

Sci. Publ. Math. 42 (1973), 47-119. 
[44] C. Peskine, L. Szpiro, Syzygies et multiplicity, C. R. Acad. Sci. Paris Ser. A Math. 278 

(1974), 1421-1424. 

[45] P. Roberts, The vanishing of intersection multiplicities of perfect complexes , Bull. Amer. 
Math. Soc. (N.S.) 13 (1985), no. 2, 127-130. 

[46] P. Roberts, The MacRae invariant and the first local Chern character, Trans. Amer. Math. 
Soc. 300 (1987), 583-591. 

[47] P. Roberts, Intersection theorems, in Commutative Algebra, Math. Sci. Res. Inst. Publ. 15 
Springer- Verlag, New York-Berlin, 1989, 417-436. 

[48] P. Roberts, Multiplicities and Chern Classes in Local Algebra, Cambridge Tracts in Mathe- 
matics 133, Cambridge University Press, Cambridge, 1998. 

[49] P. Roberts, V. Srinivas, Modules of finite length and finite projective dimension, Invent. 
Math. 151 (2003), 1-27. 

[50] A. G. Rodicio, On a result of Avramov, Manuscripta Math. 62 (1988), 181-185. 

[51] G. Seibert, Complexes with homology of finite length and Frobenius functors, J. Algebra 125 
(1989), 278-287. 

[52] L. Szpiro, Sur la theorie des complexes parfaits, in Commutative algebra, (Durham, 1981), 

London Math. Soc. Lcc. Note Ser. 72 (1982), 83-90. 
[53] R. Takahashi, Y. Yoshino, Characterizing Cohen- Macaulay local rings by Frobenius maps, 

preprint. 

[54] J. Tate, Homology of Noetherian rings and local rings, Illinois J. Math. 1 (1957), 14-27. 
[55] K. Watanabc, K. Yoshida, Hilbert-Kunz multiplicity and an inequality between multiplicity 
and colength, J. Algebra 230 (2000), 295-317. 

Department of Mathematics, Syracuse University, Syracuse, NY 13244, U.S.A. 
E-mail address: clamllleOmsri.org 



